ECE 771
Lecture 9 — Differential entropy

Objective: Differential entropy is entropy defined for distributions with a con-
tinuous random variable. We will learn about differential entropy.

Reading:
1. Read chapter 9.

Differential entropy

A continuous random variable (for the purpose of this class) is one in which the
distribution function F'(x) is continuous: there are no jumps (discrete outputs).

Definition 1 The differential entropy h(X) of a continuous random variable X
with density f(x) and support S is

hX) = — /S f(2)log f(x)d.

Example 1 Let X ~4(0,a). (Uniform). Then

1 1
h(X) = 7/0 alog;dz = loga.

Note that the differential entropy can be negative (if a < 1). This is why we refer
to this as differential entropy, since entropy should always be positive. O

Example 2 Normal: X ~

U\}ﬂe’ﬁ/zﬂ = ¢(x). (We have zero mean, but that
will make no difference on the entropy.) We will compute the entropy in nats.
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Having defined the differential entropy, we can now go through and define all
the sorts of things we did before.

AEP

Theorem 1 Let X;,...,X, be a sequence of random wvariables drawn i.i.d. ac-
cording to f(x). Then

—%logf(Xl,... , Xn) — E[-log f(X)] = h(X),

convergence in probability.
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Proof This is just the WLLN. O

Definition 2 Typical sets For any € > 0 and any n, the typical set Ag") with
respect to f(z) is

1
Ag”) = {(xl,... ,Ty) € S™| — ﬁlogf(xl,... ,Zn) — h(X)] < e}

O

That is, it is the set for which the empirical differential entropy is close to the
differential entropy.

For discrete random variables, we talked about the number of elements in the
typical set. For continuous random variables, the analogous concept is the volume
of the typical set.

Definition 3 The volume of a set A € R" is

vol(A) = / dridxy - - - dxy,
A

Theorem 2 The typical set has the following properties:
1. Pr(A(n)) 1—e€ forn sufficiently large. (Typical sets occur most of the time.)
2. vol(Agn)) < 27h(X)+€) for all n.
3. vol(Agn)) > (1 — €)2"MX)=9) for n sufficiently large.

Proof

1. Just WLLN again.

2. Note that
/ flxy, ... xp)day - - day,
>/ flxy,... zy)day - - day,
Al

/ —n(h( X)+e)dl, o dx,,
(”)

n(h(X)+e)V01(A(n))
3. If n is sufficiently large that property 1 is true, then

1—€e< fz1, ... ,zp)dxy - day,
A

< / 9= (h(X)+) gy - da,
- A(")

_ 27;1(h(X)+6)V01(A£n))'
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Discretization

When a r.v. X with continuous distribution is broken into a range of bins, then
(mean value theorem) there is a value z; in each range s.t.

(i+1)A
faa= [ fs
iA
Let X2 be the quantized r.v. defined by

(+1)A
XA = z; with probability p; = / fz)dz = f(x;)A.
iA
The entropy of the quantized r.v. is

H(X®) == f(z:)Alog(f(x:)A) = =Y Af(x;)log f(x;) — log A.
In the limit as A — 0 then
H(X?)+log A — h(f).

Thus the entropy of a n-bit quantization of a continuous r.v. increases with n.

Joint, conditional, and relative differential entropy
More basic definitions:
h(X1,...,Xn) = —/f(xl,... ,xn)log f(x1, ... zp)dxy - -y,
is the joint differential entropy.
W) == [ fa)og faly)dody

is the conditional differential entropy.
An important special case is the following:

Theorem 3 Let Xy,...,X,, have a multivariate normal distribution with mean p
and covariance K. Then

1
MX1,...,Xn) = 3 log(2me)"™| K| bits.
Proof For convenience, assume p = 0; it won’t make any difference.

h(f) = —/f(x) [—%XTK_lx—ln(\/%)ﬂK% dx

1 _ 1 N
5E ;xi(K Dijx; +§ln(27r) | K|

S Blamd)(K Y + & nen) K]

sJ

1 _ 1 .

3 SON KK+ 5 In(2m)"|K|
7 7

1 _ 1 .
3 D (KK ™) + 5 In(2m)" K
J

1 1
=5n + 5 In(27)"| K|

= In(27e)"| K| nats

I
el R

—log(2me)"| K| bits.

[\
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The relative entropy is

D(fllg) = / flogg.

The mutual information is

5 = X (6] 7f(x,y) X = X X
1Y) = [ fog)log 21550 dody = D) ) )

Some properties:
L. D(fllg) > 0.
2. I(X;Y) >0.
3. h(X|Y) < h(X).
4. Chain rule:

WXy, Xn) =Y (X Xiy,. .., X0).

i=1
5. h(X + ¢) = h(X). (Shifting does not affect the entropy.)

6. h(aX) = h(X)+log|a|. To prove this, let Y = aX, then fy (y) = 1/|a|fx(y/a).
7. h(AX) = h(X) + log |A|.

An important result is the following;:

Theorem 4 Let the random vector X have zero mean and covariance K = EXXT .
Then h(X) < 3 log(2me)" | K|, with equality iff X ~ N (0, K).

That is, for a given covariance, the normal (Gaussian) distribution has the one
which maximizes the entropy.

Proof Let g(X) be a distribution with the same covariance, and let ¢ denote the
Gaussian density.

0 < D(g||¢)
Z/glog(9/¢)

The key step is observing that

/glogqé:a/g(XTK_lX)

and that both g and ¢ have the same second moments. O



