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Abstract
The original three-dimensional elasticity problem of isotropic prismatic beams has been solved

analytically by the variational asymptotic method (VAM). The resulting classical model (Euler-
Bernoulli-like) is the same as the superposition of elasticity solutions of extension, Saint-Venant
torsion, and pure bending in two orthogonal directions. The resulting refined model (Timoshenko-
like) is the same as the superposition of elasticity solutions of extension, Saint-Venant torsion,
and both bending and transverse shear in two orthogonal directions. The fact that the VAM can
reproduce results from the theory of elasticity proves that two-dimensional finite-element-based
cross-sectional analyses using the VAM, such as the Variational Asymptotic Beam Sectional Anal-
ysis (VABS), have a solid mathematical foundation. One is thus able to reproduce numerically
with VABS the same results for this problem as one obtains from three-dimensional elasticity, but
with orders of magnitude less computational cost relative to three-dimensional finite elements.

Introduction
The variational asymptotic method (VAM) is a mathematical approach applicable to any prob-

lem governed by an energy functional having one or more small parameters. Contrary to the formal
asymptotic methods, VAM applies the asymptotic expansion to the energy functional instead of the
system of differential equations [1]. Hence, dropping a small term in the functional is equivalent to
neglecting such quantities in several differential equations simultaneously. This implies that, when
applicable, VAM is more compact and less cumbersome than standard asymptotic methods. The
VAM includes the merits of both variational (systematic) and asymptotic (without ad hoc kine-
matic assumptions) methods. It allows one to replace a 3-D structural model with a reduced-order
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model in terms of an asymptotic series of certain small parameters inherent to the structure. Al-
though there are different forms of this method, e.g. Ciarlet and Destuynder [2] and Berdichevsky
[3], the method used in the present work is more closely aligned with the latter.

The application of the VAM to model beams with general geometry and material has been
demonstrated in the theory associated with the computer program VABS (Variational Asymptotic
Beam Sectional Analysis). VABS was first mentioned in [4]. Its development over the past ten
years is described in [5–10] and takes the Variational Asymptotic Method (VAM) [3] as the math-
ematical basis. By means of the VAM, a general three-dimensional (3-D) nonlinear elasticity
problem for a beam-like structure is rigorously split into a two-dimensional (2-D) linear cross-
sectional analysis and a one-dimensional (1-D) nonlinear beam analysis. It is interesting to know
that Trabucho and Viano [11] applied the VAM of Ciarlet and Destuynder [2] to construct mathe-
matical models for rods. Their work is oriented more toward mathematicians than engineers.

In accord with the theory behind it, VABS can perform a classical analysis for initially twisted
and curved inhomogeneous, anisotropic beams with arbitrary geometry, material properties, and
reference cross sections. It captures both trapeze and Vlasov effects, which are useful for spe-
cific beam applications. VABS is also able to calculate the 1-D stiffness matrix with transverse
shear refinement for initially twisted and curved, inhomogeneous, anisotropic beams with arbi-
trary geometry and material properties. Finally, the 3-D stress and strain fields can be recovered,
if required, for finding stress concentrations, interlaminar stresses, etc.

There are a lot of beam theories in the literature. However, almost all published work is of the
ad hoc variety, especially in the area of modeling composite structures. Because VABS devel-
ops stiffness models that use the same fundamental types of deformation that appear in traditional
beam theories (such as those of Euler-Bernoulli, Timoshenko, and Vlasov), some researchers may
be tempted to believe that VABS is nothing more than a computerized adaptation of elementary
theories. However, VABS is really very different from the traditional beam theories, and the
assumptions behind it are far less restrictive. The fact that VABS uses the traditional types of
deformation winds up creating a simple and smooth connection to traditional beam theories, so
that the 1-D beam analyses will remain essentially the same. A large body of additional infor-
mation regarding 3-D behavior of the beam, which need not be considered at all in a 1-D beam
analysis, is actually taken into account by introducing 3-D warping functions that are subsequently
calculated.

In view of this, the main purpose of the present work is to take the reader, who is presumed to
have a basic understanding of elasticity and calculus of variations, through an analytical derivation
and application of the equations used by VABS for a specialized case so that its relationship with
traditional theories will be clearer and its mathematical basis (VAM) will appear less arcane. This
paper is in essence an analytical validation of VABS against the well-established theory of elas-
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ticity. Although numerous numerical validation examples have been provided in [6, 7, 10, 12], the
present extensive and rigorous validation is required to demonstrate conclusively its versatility and
accuracy. This paper then should increase the reader’s confidence in results obtained from VABS.

To accomplish the above, the present work specializes the VABS general formulation for the
analysis of isotropic, prismatic beams. Starting with the governing differential equations and as-
sociated boundary conditions of elasticity theory, we set out to prove (a) that the results from the
classical model of VABS are the same as the superposition of elasticity solutions of extension,
Saint-Venant torsion, and pure bending in two orthogonal directions; and (b) that the results from
the Timoshenko-like model of VABS are the same as the superposition of the elasticity solutions
of extension, Saint-Venant torsion, and both bending and transverse shear in two orthogonal direc-
tions.

Three-Dimensional Formulation
As sketched in Fig. 1, a beam can be represented by a reference line r measured by x1, and

a typical cross section s with h as its characteristic dimension and described by cross-sectional
Cartesian coordinates xα. Note that here and throughout the paper, Greek indices assume values 2
and 3 while Latin indices assume 1, 2, and 3. Repeated indices are summed over their range except
where explicitly indicated. For the convenience of comparing with elasticity solutions, the locus
of all cross-sectional centroids along the beam is chosen as the reference line. An orthonormal
triad bi is chosen for the purpose of resolving tensorial quantities in component form for actual
computation. For convenience, bi is chosen to be tangent to xi, respectively.

The spatial position vector r̂ of any point in the undeformed beam structure can be written as

r̂(x1, x2, x3) = r(x1) + xαbα (1)

where r is the position vector of the points of the reference line. Note for a prismatic beam, the
beam axis in the undeformed state is straight. Finally, r′ = b1 and ( )′ means the partial derivative
with respect to x1.

After deformation, the particle that had position vector r̂ in the undeformed state now has the
position vector R̂ in the deformed state. Another orthonormal triad Bi is introduced to express the
deformed configuration, and the Bi unit vectors are not necessarily tangent to the deformed beam
coordinates. However, for the convenience of applying VAM, we choose Bi to coincide with bi

in the case of zero deformation, B1 to be tangent to the deformed beam reference axis, and Bα

determined by a rotation about B1. Then Bi can be related to bi by a rotation tensor which is
called the global rotation tensor [13], such that

CBb = Bibi (2)
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CbB is the inverse rotation to bring Bi back to bi which means

CBb ·CbB = I (3)

where I is the identity tensor. Please note that we do not make any restrictive assumption here by
choosing B1 to be tangent to x1. Instead, the transverse shear deformation will be included in the
warping functions introduced below and will be will be explicitly brought into evidence when we
fit the asymptotic model into an engineering model that can account for this type of deformation,
such as a Timoshenko-like model.

The position vector R̂ can be represented as:

R̂(x1, x2, x3) = R(x1) + xαBα(x1) + wi(x1, x2, x3)Bi(x1) (4)

where R is the position vector to a point on the reference line of the deformed beam, and wi are the
components of warping, both in and out of the cross-sectional plane. By introducing the unknown
3-D warping functions into the formulation, one takes into account all possible deformation.

One should note that Eq. (4) is four times redundant because of the way warping was intro-
duced. One must impose four appropriate constraints on the displacement field to remove the
redundancy. The four constraints applied here are

〈wi〉 = 0 (5)

〈x2 w3 − x3 w2〉 = 0 (6)

where the notation 〈 〉means integration over the reference cross section. The implication of Eq. (5)
is that warping does not contribute to the rigid-body displacement of the cross section. This leads
to 1-D displacement variables for extension and bending that have easily identifiable geometric
meanings: they correspond to the measure numbers in the bi basis of the average displacement of
the cross section. Eq. (6) implies the torsional rotation variable is the average rotation of the cross
section about B1.

To formulate this problem in an intrinsic form, we need the definition of the 1-D generalized
Lagrangean strains:

γ = CbB ·R′ − b1 (7)

B′
i = κjBj ×Bi (8)

where the column matrices of the “force-strain” measures γ = bγ11 0 0cT and κi are the “moment-
strain” measures. Based on the concept of decomposition of rotation tensor [13], if the local
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rotation is small, which is the case for all the framework of VABS except the trapeze solution (not
considered in this paper), the Jaumann-Biot-Cauchy strain components are given by

Γij =
1

2
(Fij + Fji)− δij (9)

where δij is the Kronecker symbol, and Fij the mixed-basis component of the deformation gradient
tensor such that

Fij = Bi ·Gkg
k · bj (10)

Here Gk = ∂R̂
∂xk

is the covariant basis vector of the deformed configuration and gk = bk for
prismatic beams.

Because of the small strain assumption, which is applicable in the framework of a geometrically
nonlinear formulation, we may neglect all terms that are products of the warping and the 1-D
generalized strains. Thus, one obtains the 3-D strain field as

Γ11 = γ11 + x3κ2 − x2κ3 + w′
1

2Γ12 = w1,2 − x3κ1 + w′
2

2Γ13 = w1,3 + x2κ1 + w′
3

Γ22 = w2,2

2Γ23 = w3,2 + w2,3

Γ33 = w3,3 (11)

where (),α means the partial derivative with respect to xα. For an isotropic elastic body with
Young’s modulus E, shear modulus G and Poisson’s ratio ν, twice the 3-D strain energy per unit
length can be written as [14]

2Π = E
〈
Γ2

11

〉
+ 4G

〈
Γ2

12 + Γ2
13 + Γ2

23

〉
+

E

(1 + ν)(1− 2ν)〈{
νΓ11 + Γ22

νΓ11 + Γ33

}T [
1− ν ν

ν 1− ν

]{
νΓ11 + Γ22

νΓ11 + Γ33

}〉 (12)

From energy principles, we know that the exact warping functions satisfying the constraints,
Eqs. (5) and (6), should minimize the strain energy in Eq. (12). However, the same difficulties
as one finds in solving general 3-D elasticity problems will be encountered if one tries to solve this
minimization problem directly. Fortunately, as demonstrated in publications related to VABS, the
VAM can be used to solve for the unknown warping functions asymptotically to avoid the difficulty
of the original 3-D formulation. This will be illustrated analytically in the following sections.
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Classical Model
Before the applying the VAM, one must define the small parameters of the problem. It was

mentioned above that products of the 1-D generalized strains and warping are assumed to be small
because of the small-strain assumption. The assumption of small strain is adopted for the purpose
of deriving a geometrically nonlinear beam formulation. It will be assumed and subsequently val-
idated from the results that the warping is of the order of hε with h as the characteristic dimension
of the cross section. The smallness of the 1-D generalized strains is taken into account as fol-
lows. The stretching of the beam reference line is denoted by γ11; the maximum strain induced
by twist is of the order of hκ1, while the maximum strain induced by bending is of the order of
hκα. This observation is consistent with the small local rotation assumption used to derive Eq. (9).
Now, let us denote the order of the maximum strain as ε = max(γ11, hκi). This small parameter
is then utilized when deriving the 3-D strain field, Eq. (11), so that the smallness of ε need not
be used in the rest of derivation. Another small parameter is h/l where l is the wavelength of
beam axial deformation. This is the only small parameter one needs for prismatic beams for the
purpose of solving the unknown warping functions asymptotically and obtaining a strain energy
asymptotically correct up to a certain order.

The classical model of a prismatic beam is represented in terms of a strain energy per unit
length that is asymptotically correct up to the order of µε2 where µ is of the order of the maximum
material constant. All the prime terms in Eq. (11) are of order h/l higher than the rest and do not
contribute to such an energy. Then this energy, which is called the zeroth-order energy, can be
obtained from Eq. (12) as

2Π0 = ESγ2
11 + EIακ2

α + G
〈
(w1,2 − x3κ1)

2 + (w1,3 + x2κ1)
2 + (w3,2 + w2,3)

2
〉

+
E

(1 + ν)(1− 2ν)〈{
ν(γ11 + x3κ2 − x2κ3) + w2,2

ν(γ11 + x3κ2 − x2κ3) + w3,3

}T [
1− ν ν

ν 1− ν

]{
ν(γ11 + x3κ2 − x2κ3) + w2,2

ν(γ11 + x3κ2 − x2κ3) + w3,3

}〉

(13)

with
S = 〈1〉 I2 =

〈
x2

3

〉
I3 =

〈
x2

2

〉
(14)

where S is the cross-sectional area and Iα are the principal area moments of inertia about xα. The
warping functions that minimize the above energy are governed by the Euler-Lagrange equations
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of this energy functional, given by

w1,22 + w1,33 = 0 (15)

2(1− ν)w2,22 + (1− 2ν)w2,33 + w3,23 − 2νκ3 = 0 (16)

2(1− ν)w3,33 + (1− 2ν)w3,22 + w2,23 + 2νκ2 = 0 (17)

and the associated boundary conditions

n3(x2κ1 + w1,3) + n2(w1,2 − x3κ1) = 0 (18)

n3(w2,3 + w3,2) +
2n2

1− 2ν
[ν(γ11 + x3κ2 − x2κ3) + νw3,3 + (1− ν)w2,2] = 0 (19)

n2(w2,3 + w3,2) +
2n3

1− 2ν
[ν(γ11 + x3κ2 − x2κ3) + νw2,2 + (1− ν)w3,3] = 0 (20)

where nα is the direction cosine of outward normal with respect to xα. Here, to maintain a simpler
derivation, we do not use Lagrange multipliers to enforce the constraints of Eqs.(5) and (6). In-
stead, we keep these constraints in mind and check whether they can be satisfied by the solution.
It can be observed that Eq. (15) and (18) are just the equations of Saint-Venant warping ψ(x2, x3)

in elasticity textbooks such as [15], except

w1(x1, x2, x3) = ŵ1(x1, x2, x3) = ψ(x2, x3)κ1(x1) (21)

Hence the first approximation of the out-of-plane warping ŵ1 can be solved by the methods given
in elasticity books. According to the theory of elasticity, ψ can be determined up to a constant, and
one can choose the constant so that the constraint 〈ŵ1〉 = 0 is satisfied. The following functions of
wα satisfy the other constraints and solve Eqs. (16), (17), (19) and (20):

w2 = ŵ2 =− ν(x2γ11 + x2x3κ2) +
νκ3

2

(
x2

2 − x2
3 +

I2 − I3

S

)

w3 = ŵ3 =− ν(x3γ11 − x2x3κ3) +
νκ2

2

(
x2

2 − x2
3 +

I2 − I3

S

)
(22)

Having obtained all the warping functions, the 3-D strain field can be recovered by Eq. (11) up to
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the zeroth order as

Γ11 = γ11 + x3κ2 − x2κ3

2Γ12 = w1,2 − x3κ1

2Γ13 = w1,3 + x2κ1

Γ22 = −ν(γ11 + x3κ2 − x2κ3)

2Γ23 = 0

Γ33 = −ν(γ11 + x3κ2 − x2κ3) (23)

If one takes the definition of torsional rigidity from elasticity texts, which is

GJ = G
〈
x2

2 + x2
3 + x2ψ1,3 − x3ψ1,2

〉
(24)

where J is the Saint-Venant torsion constant, then the asymptotically correct 3-D energy, up to the
order of µε2, can be written as

2Π0 = ESγ2
11 + GJκ2

1 + EI2κ
2
2 + EI3κ

2
3 (25)

This energy coincides with the result of classical beam theory; however, it is obtained without
any ad hoc kinematic assumptions whatsoever. Such ad hoc assumptions as assuming the cross
section to be rigid in its own plane or setting ν = 0 are common in the development of traditional
beam theories in the literature.

For a straight beam clamped at x1 = 0 and under the tip load F1, Mi at x1 = L (see Fig. 2), the
1-D strain measures can be solved with the help of the strain energy Eq. (25) as

γ11 =
F1

ES
κ1 =

M1

GJ
κ2 =

M2

EI2

κ3 =
M3

EI3

(26)

If a linear beam theory is used, the 3-D displacement field can be recovered as

u1 =
F1

ES
x1 − M3

EI3

x2x1 +
M2

EI2

x3x1 + ψ
M1

GJ

u2 = −νx2
F1

ES
− νx2x3

M2

EI2

+
νM3

2EI3

(
x2

2 − x2
3 +

I2 − I3

S

)
+

M3

EI3

x2
1

2

u3 = −νx3
F1

ES
+ νx2x3

M3

EI3

+
νM2

2EI2

(
x2

2 − x2
3 +

I2 − I3

S

)
− M2

EI2

x2
1

2
(27)

which is essentially the superposition of elasticity solutions for extension, pure bending in two
directions and torsion. The only exception to this statement is that there is a difference of a constant
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from the elasticity solutions for uα due to differences in the way the clamped boundary condition
is handled. Published elasticity solutions enforce the clamped condition at the beam reference
line. In our case, however, since the 1-D variables implied by the VAM solution are averages of
the 3-D displacement, the most straightforward solution in our framework constrains the average
displacement to be zero. Clearly, by enforcing a modified boundary condition in the 1-D beam
theory, so as to mimic the clamped condition used in the elasticity solutions, the two solutions will
become identical; in particular, the constant terms in u2 and u3 will simply drop out.

From the above, it is clearly shown that the above classical model stores the complete 3-D
energy of prismatic beams due to uniform extension, uniform torsion, and pure bending in two
directions obtained by elasticity theory. The linearized 3-D displacement field recovered by VABS
is the same as that obtained from elasticity theory.

Timoshenko-like Model
Elasticity theory has another set of equations to solve for the so-called flexure problem, which

involves both bending and transverse shear. For this VABS provides a Timoshenko-like model.
Because a Timoshenko-like model can at most approximate the original 3-D energy up to the order
of µε2(h/l)2, a strain energy that is asymptotically correct to the second order of h/l is sought first

2U1 = εT Aε + 2εT Bε′ + ε′T Cε′ + 2εT Dε′′ (28)

where A, B, C, and D are matrices carrying the geometry and material information of the cross
section, elements of ε = bγ11 κ1 κ2 κ3cT are the generalized 1-D strain measures of Euler-
Bernoulli beam theory. For isotropic prismatic beams, in which the locus of cross-sectional
centroids is taken as the reference line and cross-sectional principal axes are along xα, A becomes
a diagonal matrix with diagonal terms given by the extensional stiffness ES, the torsional stiffness
GJ , and bending stiffnesses EI2 and EI3. A Timoshenko-like model is then created out of the
energy, Eq. (28), as

2U = εT
t Xεt + 2εT

t Fγ + γT Gγ (29)

where εt are the classical strain measures (but defined slightly differently because of the framework
of Timoshenko-like model), and γ = b2γ13 2γ23cT transverse shear strains. The stiffness matrices
X , F , and G can be found by (see [9])

G = (QT A−1CA−1Q)−1

F = BT A−1QG

X = A + FG−1F T (30)
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where

Q =

[
0 0 0 1

0 0 −1 0

]T

(31)

εt and ε are related by:
εt = ε−Qγ′ (32)

By a simple algebraic derivation, F and G can be expressed in terms of the components of A,
B, and C as

G =
E2

C33C44 − C2
34

[
C33I

2
3 C34I2I3

C34I2I3 C44I
2
2

]

F =
E

C33C44 − C2
34




(B41C33 −B31C34)I3 (B31C44 −B41C34)I2

(B42C33 −B32C34)I3 (B32C44 −B42C34)I2

(B43C33 −B33C34)I3 (B33C44 −B43C34)I2

(B44C33 −B34C34)I3 (B34C44 −B44C34)I2




(33)

where the subscripted terms involving B and C are specified elements in those matrices. Here,
one can conclude that G is determined by the coefficients associated with κ′ακ′β in the asymptotic
energy, and F is determined by the coefficients associated with καγ′11 and κακ′i. This observation
is very important because it leads to our finding a closed-form solution for the Timoshenko-like
model for isotropic, prismatic beams. To obtain the second-order energy, we perturb the warping
functions as

wi = ŵi + Vi (34)

where Vi is of the order εh/l. Substituting the perturbed warping functions back into Eq. (11), one
obtains

Γ11 = γ11 + x3κ2 − x2κ3 + ŵ′
1 + V ′

1

2Γ12 = ŵ1,2 − x3κ1 + V1,2 + ŵ′
2 + V ′

2

2Γ13 = ŵ1,3 + x2κ1 + V1,3 + ŵ′
3 + V ′

3

Γ22 = ŵ2,2 + V2,2

2Γ23 = ŵ3,2 + ŵ2,3 + V3,2 + V2,3

Γ33 = ŵ3,3 + V3,3 (35)

where the underlined terms are of the order εh/l, the double underlined terms are of the order
εh2/l2, and the rest of the terms are of the order ε. Substituting this perturbed strain field into the
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energy functional Eq. (12) and neglecting all the terms of order higher than µ(h/l)2ε2, one obtains

2Π = 2Π0 + 2Π1 + 2Π2 (36)

where Π0 is the energy obtained for the classical model, Eq. (25) and

Π1 = E
〈
ŵ′

1(γ11 + x3κ2 − x2κ3)
〉

+

G
[
〈(ŵ1,2 − x3κ1)V1,2 + (ŵ1,3 + x2κ1)V1,3〉+ 〈(ŵ1,2 − x3κ1)ŵ

′
2 + (ŵ1,3 + x2κ1)ŵ

′
3〉

] (37)

It is easy to prove that the underlined terms vanish for arbitrary V1. According to Eq. (33), the
double underlined terms will not affect the Timoshenko-like model constructed from the second-
order energy. Thus, the only terms of interest are

Π1 = E 〈ŵ′
1(x3κ2 − x2κ3)〉 (38)

Note these terms will not necessarily vanish unless the Saint-Venant warping, for which we have
already solved, possesses some kind of symmetry. Thus, the second-order energy becomes

2Π2 = 2E
〈
V ′

1(γ11 + x3κ2 − x2κ3) + ŵ′2
1

〉
+ G

〈
(V1,2 + ŵ′

2)
2 + 2V ′

2(ŵ1,2 − x3κ1)
〉
+

G
〈
(V1,3 + ŵ′

3)
2 + 2V ′

3(ŵ1,3 + x2κ1) + (V2,3 + V3,2)
2
〉

+
E

(1 + ν)(1− 2ν)〈{
νŵ′

1 + V2,2

νŵ′
1 + V3,3

}T [
1− ν ν

ν 1− ν

]{
νŵ′

1 + V2,2

νŵ′
1 + V3,3

}〉 (39)

The underlined terms create difficulty to solve this problem in the 2-D cross-sectional domain.
However, our goal is to find an interior solution without consideration of boundary effects at the
ends of the beam. Hence, integration by parts with respect to x1 can be used, and the residual terms
at the ends can be considered as having no effect on the interior solution. This argument can be
illustrated mathematically if one constrains the warping V1 in such a way that

〈V1(γ11 + x3κ2 − x2κ3)|x1=0〉 = 〈V1(γ11 + x3κ2 − x2κ3)|x1=L〉 (40)

The effect of such a constraint will die out after a small distance from the ends according to the
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Saint-Venant principle. Then, the Euler-Lagrange equations for the functional Π2 are

V1,22 + V1,33 + 2(γ′11 + x3κ
′
2 − x2κ

′
3) = 0 (41)

2(1− ν)V2,22 + (1− 2ν)V2,33 + V3,23 + (2ν − 1)x3κ
′
1 + ŵ′

1,2 = 0 (42)

2(1− ν)V3,33 + (1− 2ν)V3,22 + V2,23 + (1− 2ν)x2κ
′
1 + (1− 2ν)ŵ′

1,3 = 0 (43)

and the associated boundary conditions given by

n3(V1,3 + ŵ′
3) + n2(V1,2 + ŵ′

2) = 0 (44)

n3(ŵ2,3 + ŵ3,2) +
2n2

1− 2ν
[νV3,3 + (1− ν)V2,2 + νŵ′

1] = 0 (45)

n2(ŵ2,3 + ŵ3,2) +
2n3

1− 2ν
[νV2,2 + (1− ν)V3,3 + νŵ′

1] = 0 (46)

It is observed that Vα is decoupled from V1; Vα should be some function multiplying κ′1 and V1

will be a linear combination of γ′11, and κ′α. The terms associated with Vα will not affect the
Timoshenko-like model as shown in Eq. (33). (In fact these terms are related with the Vlasov
theory and will be studied in later paper.) Hence, one can set Vα to be zero and drop all terms that
have no effect on the Timoshenko-like model. Then, after recalculating Π2, one finds

2Π2 =2E 〈V ′
1(x3κ2 − x2κ3)〉+ G

〈[
V1,2 − νx2x3κ

′
2 +

νκ′3
2

(
x2

2 − x2
3 +

I2 − I3

S

)]2
〉

G

〈[
V1,3 + νx2x3κ

′
3 +

νκ′2
2

(
x2

2 − x2
3 +

I2 − I3

S

)]2
〉 (47)

Then the corresponding Euler-Lagrange equation, Eq. (41), and boundary condition, Eq. (44), will
be modified to be

V1,22 + V1,33 = 2(x2κ
′
3 − x3κ

′
2) (48)

n3

[
V1,3 + νx2x3κ

′
3 +

νκ′2
2

(
x2

2 − x2
3 +

I2 − I3

S

)]

= −n2

[
V1,2 − νx2x3κ

′
2 +

νκ′3
2

(
x2

2 − x2
3 +

I2 − I3

S

)]
(49)
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One can introduce a special function as

V1,2 − νx2x3κ
′
2 +

νκ′3
2

(
x2

2 − x2
3 +

I2 − I3

S

)
= φ,3 + (1 + ν)x2

2κ
′
3 + f(x3)

V1,3 + νx2x3κ
′
3 +

νκ′2
2

(
x2

2 − x2
3 +

I2 − I3

S

)
= −φ,2 − (1 + ν)x2

3κ
′
2 + g(x2) (50)

to satisfy Eq. (48) automatically, where f(x3), and g(x2) are arbitrary functions. The advantage of
introducing φ is that Eq. (49) can be made much simpler based on the choice of f(x3) and g(x2).
Using Eq. (50), the boundary condition, Eq. (49) becomes

∂φ

∂s
= − [

f(x3) + (1 + ν)x2
2κ
′
3

]
n2 −

[
g(x2)− (1 + ν)x2

3κ
′
2

]
n3 (51)

where s is the contour coordinate along the cross-sectional boundary. If the arbitrary functions are
chosen such that on the boundary

f(x3) =




−(1 + ν)x2

2κ
′
3 if n2 6= 0,

arbitrary if n2 = 0
g(x2) =





(1 + ν)x2
3κ
′
2 if n3 6= 0,

arbitrary if n3 = 0
(52)

then the right-hand side of Eq. (51) vanishes and φ is constant along the boundary. For simply-
connected domains, one can choose φ to vanish along the boundary. The governing differential
equations for φ can be deduced from Eq. (50) as

φ1,22 + φ1,33 = −2νx2κ
′
2 +

dg(x2)

dx2

− 2νx3κ
′
3 −

df(x3)

dx3

(53)

This equation is the same as that governing the flexure problem in both directions if one expresses
κ′α in terms of the tip transverse force and multiplies φ by the shear modulus G. Therefore, all
flexure problems that are solvable by elasticity theory can also be solved analytically by the VAM
(the procedure on which VABS is based). After φ is obtained, one can find V1 up to a constant
using Eq. (50), where the constant can be determined by the constraint 〈V1〉 = 0. The portion of
asymptotically correct energy Eq. (28) that is needed for constructing the Timoshenko-like model
can be found from Eqs. (36) and (47).

Although it is necessary to carry out an integration by parts with respect to x1 for the sets
of terms in the first bracket of Eq. (47) to render the present problem as a purely cross-sectional
problem, this operation should not be applied at the step where the strain energy is obtained.
Previous publications [7, 9] are silent on this seemingly inconsistent practice because a reasonable
explanation had not been formulated. However, for the present problem, the transverse shear
energy is completely represented by the last two sets of terms and the first set of terms is part of
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the energy due to extension. If one integrates this first set of terms by parts, this energy represented
by it will be transformed into transverse shear energy according to Eq. (33), which is at least
physically inappropriate; and, in the worst case, the total transverse shear energy will turn out to
be negative. Nevertheless, if one does the integration by parts and also keeps the residual terms at
the ends, the fictitious transverse shear energy caused by integration by parts will be canceled by
the residual terms at the boundaries, which means the final 3-D results will not be affected by this
operation. Based on this fact and Eq. (33), the first set of terms in Eq. (47) for the present problem
will not affect the final Timoshenko-like model and will be discarded in later calculations.

After constructing the Timoshenko-like model using Eqs. (33) and (30) and using it to solve the
1-D beam problem, the 3-D strain field can be recovered using Eq. (35) and the displacement field
can be recovered similarly as Eq. (27). This procedure will be given in detail for some example
cross sections below.

Example Cross Sections
In this section two typical examples listed in the elasticity text of Timoshenko and Goodier

[15] are studied here using the analytical procedures formulated in previous sections.

Elliptical Section

For an elliptical cross section with semi-axes a and b in the directions of x2 and x3 respectively,
and ρ = a/b as the aspect ratio, the Saint-Venant warping is found to be

ψ =
(b2 − a2)x2x3

a2 + b2
(54)

If one chooses the f(x3) and g(x2) according to Eq. (52)

f(x3) = −(1 + ν)x2
2κ
′
3 = −(1 + ν)

(
1− x2

3

b2

)
a2κ′3

g(x2) = (1 + ν)x2
3κ
′
2 = (1 + ν)

(
1− x2

2

a2

)
b2κ′2 (55)

then both Eqs. (51) and (53) will be satisfied by

φ = m

(
x2

2

a2
+

x2
3

b2
− 1

)
x3 + n

(
x2

2

a2
+

x2
3

b2
− 1

)
x2 (56)
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with

m = −ρ2 [ν + (1 + ν)ρ2]

1 + 3ρ2
b2κ′3

n = − [νρ2 + (1 + ν)]

3 + ρ2
b2κ′2 (57)

Then one can obtain V1 by Eq. (50) as

V1 = p
x3κ

′
2

24(3 + ρ2)
+ q

x2κ
′
3

24(1 + 3ρ2)
(58)

with

p = −4x2
3

[
4 + ν + (2− ν)ρ2

]− 12x2
2(2− ν + νρ2) + 3b2(16 + 8ρ2 + 13ν + 2νρ2 + νρ4)

q = 4x2
2

[
(4 + ν)ρ2 + 2− ν

]− 12x2
3

[
(2− ν)ρ2 + ν

]− 3b2(16ρ4 + 8ρ2 + 13νρ4 + 2νρ2 + ν)

(59)

Then the energy of the order (h/l)2 excluding the terms that do not affect the final Timoshenko-like
model can be computed as

2Π2

EAb4
=

[ρ4ν2 + 2ρ2(1 + ν)2 + 5(1 + ν)2] κ′22
12(3 + ρ2)(1 + ν)

+
ρ2 [ν2 + 2ρ2(1 + ν)2 + 5ρ4(1 + ν)2] κ′23

12(1 + 3ρ2)(1 + ν)

(60)

The final Timoshenko-like model can be expressed as

2U =





γ11

κ1

κ2

κ3





T 


ES 0 0 0

0 GJ 0 0

0 0 EI2 0

0 0 0 EI3








γ11

κ1

κ2

κ3





+

{
2γ12

2γ13

}T [
S2 0

0 S3

]{
2γ12

2γ13

}
(61)

where
S = πab J =

πa3b3

a2 + b2
I2 =

π

4
ab3 I3 =

π

4
a3b (62)
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and

S2 =
3a2(3a2 + b2)(1 + ν)2GS

2 [b4ν2 + 5a4(1 + ν)2 + 2a2b2(1 + ν)2]

S3 =
3b2(a2 + 3b2)(1 + ν)2GS

2 [a4ν2 + 5b4(1 + ν)2 + 2a2b2(1 + ν)2]
(63)

The results are the same as those in [10], but in that work the results are obtained by using the
Ritz method and assuming a third-order polynomial which is of the exact form as shown here.
This result is the same as what is what in [16] which has been obtained through elasticity theory.
However, the result provided in [17] is an approximation of the exact solution.

Rectangular Section

For a rectangular section of width 2a in x2 direction and height 2b in x3 direction (see Fig. 3),
the Saint-Venant warping can be expressed in a form of infinite series such as:

ψ = −x2x3 +
32b2

π3

∞∑
n=0

(−1)n

(2n + 1)3

sinh
(

2n+1
2

πx2

b

)

cosh
(

2n+1
2

πa
b

) sin

(
2n + 1

2

πx3

b

)
(64)

To solve for φ, we should choose the arbitrary functions f(x3) and g(x2) first. Along x2 = ±a,
n2 6= 0, so we can choose f(x3) = −(1 + ν)a2κ′3 and g(x2) can be arbitrary. Along x3 = ±b,
n3 6= 0, we can choose g(x2) = (1+ν)b2κ′2 and f(x3) can be arbitrary. Solving Eq. (53), one finds

φ =− ν

3
(x2

2 − a2)x2κ
′
2 +

4νa3κ′2
π3

∞∑
n=1

(−1)n cosh
(

nπx3

a

)
sin

(
nπx2

a

)

n3 cosh
(

nπb
a

)

− ν

3
(x2

3 − b2)x3κ
′
3 +

4νb3κ′3
π3

∞∑
m=1

(−1)m cosh
(

mπx2

b

)
sin

(
mπx3

b

)

m3 cosh
(

mπa
b

)
(65)

Then one can derive V1 to be

V1 =− 4a3νκ′2
π3

∞∑
n=1

(−1)n sinh
(

nπx3

a

)
cos

(
nπx2

a

)

n3 cosh
(

nπb
a

) +
4νb3κ′3

π3

∞∑
m=1

(−1)m sinh
(

mπx2

b

)
cos

(
mπx3

b

)

m3 cosh
(

mπa
b

)

+

[(
ν

6
+

1

3

)
x3

2 −
(

a2 +
5a2ν

6
− b2ν

6

)
x2 − νx2x

2
3

2

]
κ′3

−
[(

ν

6
+

1

3

)
x3

3 −
(

b2 +
5b2ν

6
− a2ν

6

)
x3 − νx2

2x3

2

]
κ′2

(66)

Then the energy of the order (h/l)2 excluding the terms that do not affect the final Timoshenko-
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like model can be computed as:

2Π2

G
=

[
16ν2ba5 + 96b5a(1 + ν)2

45
− 32ν2a6

π5

∞∑
n=1

tanh( bnπ
a

)

n5

]
κ′22

+

[
16ν2b5a + 96a5b(1 + ν)2

45
− 32ν2b6

π5

∞∑
m=1

tanh(amπ
b

)

m5

]
κ′23

(67)

The final Timoshenko-like model can be expressed as Eq. (61) with

S = 4ab J = βab3 I2 =
4

3
ab3 I3 =

4

3
a3b Sα =

GS

kα

(68)

where β can be found in elasticity textbooks such as [15] and kα are the so-called shear correction
factors, given by

k2 =
6

5
+

(
ν

1 + ν

)2

ρ−4

[
1

5
− 18

ρπ5

∞∑
m=1

tanh(mπρ)

m5

]

k3 =
6

5
+

(
ν

1 + ν

)2

ρ4

[
1

5
− 18ρ

π5

∞∑
n=1

tanh(nπρ−1)

n5

]
(69)

Although the form of the shear correction factors differ in form from those of Renton[16], the
numerical values for different aspect ratios are the same. The reason the two results are of different
form is because in [16] the flexure problem is solved by using a double trigonometric series while
here hyperbolic series are used along with the trigonometric series which converge to a fixed value
more rapidly. Please note that although [17] is also based on the VAM, the shear correction factors
presented therein for the rectangular section are approximations of the elasticity solution.

Conclusions
The variational asymptotic method, on which the finite-element-based cross-sectional analysis

VABS (Variational Asymptotic Beam Sectional analysis) is based, has been used to analytically
solve the isotropic prismatic beam problem. The same governing equations for Saint-Venant warp-
ing and the general flexure problem have been shown to correspond with those of the theory of
elasticity. Identical results have been found between elasticity and VAM solutions for beams with
elliptical and rectangular cross sections. It has been proven mathematically that for an isotropic
prismatic bar with an arbitrary cross section the classical model of VABS is the same as the super-
position of elasticity solutions for extension, pure bending in two directions and torsion. Moreover,
the Timoshenko-like model of VABS consists of these plus the solution for the general flexure
problem in both directions.
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The fact that the numerical procedure in VABS reproduces the results of elasticity theory clearly
demonstrates that the VAM, the mathematical foundation of VABS, is a valid methodology that
can be used to avoid the difficulties of dealing with 3-D elasticity while obtaining results that
are coincident with the exact solutions. Although it may not be possible to validate the general
theory of VABS for anisotropic beams in this same way, it is a natural deduction from the above
demonstrations to conclude that the results for generally anisotropic beams should be the same as
those calculated by methods based on 3-D elasticity theory, such as 3-D finite elements. Indeed,
as 3-D finite elements allow one to go beyond the limitations of 3-D elasticity, VABS may also be
considered as a means for going beyond those limits when considering the cross-sectional analysis
of beams.
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List of Figure Captions

Figure 1: Schematic of beam deformation

Figure 2: Sketch of a clamped prism

Figure 3: Sketch of a Rectangular Cross Section
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