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Abstract

A variational asymptotic micromechanics model has been developed for predicting
effective thermoelastic properties of composite materials, and recover the local fields
within the unit cell. This theory adopts essential assumptions within the concept
of micromechanics, achieves an excellent accuracy, and provides a unified treatment
for one-dimensional, two-dimensional, and three-dimensional unit cells. This the-
ory is implemented using the finite element method into the computer program,
VAMUCH, a general-purpose micromechanics analysis code. Several examples are
used to validate the theory and the code. The results are compared with those avail-
able in the literature and those produced by a commercial finite element package.
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1 Introduction

In recent years, more and more structures are made of composite materials
with engineered microstructure for better performance. Because the macro-
scopic structural dimensions are usually several orders of magnitude larger
than the characteristic size of constituents, it is not very practical to analyze
such structures by meshing all the details of constituent materials. Usually,
the concept of unit cell (UC) is used to create a pseudo, “effective”, material
with homogeneous properties from the original heterogeneous materials with
so-called micromechanics models; see Figure 1.
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Fig. 1. Heterogenous material, unit cell, and effective material

In the past several decades, numerous micromechanics models have been de-
veloped; see Hashin (1983) and references cited therein. The simplest models
are the rules of mixture based on Voigt and Reuss hypotheses, which provides
the upper and lower bounds, respectively (Hill, 1952). The difference between
these two bounds could be too large to be useful for general composite ma-
terials. To this end, researchers have proposed various techniques to either
reduce the difference between the bounds, or find an approximate value be-
tween the upper and lower bounds. Typical approaches are the self-consistent
model (Hill, 1965) and its generalizations (Dvorak and Bahei-El-Din, 1979;
Accorsi and Nemat-Nasser, 1986), the variational approach of Hashin and
Shtrikman (Hashin and Shtrikman, 1962), third-order bounds (Milton, 1981),
the method of cells (MOC) (Aboudi, 1982) and its variants (Aboudi, 1989;
Paley and Aboudi, 1992; Aboudi et al., 2001; Williams, 2005b), recursive cell
method (Banerjee and Adams, 2004), mathematical homogenization theories
(MHT) (Bensoussan et al., 1978; Murakami and Toledano, 1990), finite ele-
ment approaches using conventional stress analysis of a representative volume
element (RVE) (Sun and Vaidya, 1996), and many others. Although these
approaches were originally introduced to predict elastic properties, most of
these approaches are also extended to predict thermomechanical properties;
see Schapery (1968), Rosen and Hashin (1970), and Aboudi (1984) for a few
examples.

Recently, a new technique for micromechanics modeling, namely variational
asymptotic method for unit cell homogenization (VAMUCH) (Yu and Tang,
2007), has been developed based on the variational asymptotic method of
Berdichevsky (1979). The technique invokes two essential assumptions within
the concept of micromechanics:

e Assumption 1 The exact solutions of the field variables have volume av-

erages over the UC. For example, if u; are the exact displacements within
the UC, there exist v; such that

v = é/ﬁu 40 = (u) (1)

where () denotes the domain occupied by the UC and its volume.



e Assumption 2 The effective material properties obtained from the mi-
cromechanical analysis of the UC are independent of the geometry, the
boundary conditions, and loading conditions of the macroscopic structure,
which means that effective material properties are assumed to be the intrin-
sic properties of the material when viewed macroscopically.

Please note these assumptions are not restrictive. The mathematical meaning
of the first assumption is that the exact solutions of the field variables are
integrable over the domain of UC, which is true almost all the time. The
second assumption implies that we can neglect the size effects of the material
properties in the macroscopic analysis, which is an assumption often made
in the conventional continuum mechanics. Of course, the micromechanical
analysis of the UC is only needed and appropriate if n = h/l < 1, with h as
the characteristic size of the UC and [ as the characteristic wavelength of the
deformation of the macroscopic material.

In this paper, we will first use this modeling technique to construct a new
micromechanics model for effective thermoelastic properties including elas-
tic properties, coefficients of thermal expansion (CTEs), and specific heat for
heterogeneous materials. Then we will implement the theory using the finite
element method in the computer program VAMUCH to provide engineers
with a general-purpose micromechanics tool for thermoelastic micromechani-
cal analysis of composite materials.

2 Theoretical Formulation

We need to use three coordinate systems: two cartesian coordinates x =
(21,22, x3) and y = (y1, Y2, ¥3), and an integer-valued coordinate n = (ny, ng, n3);
see Figure 2. We use z; as the global coordinates to describe the macroscopic
material and y; parallel to x; as the local coordinates to describe the UC.
Here and throughout the paper, Latin indices assume 1, 2, and 3 and re-
peated indices are summed over their range except where explicitly indicated.
We choose the origin of the local coordinates y; to be the geometric center of
UC. For example, if the UC is a cube with dimensions as d;, then y; € [—%, %].
To uniquely locate a UC in the composite material, we also introduce integer
coordinates n;. The integer coordinates are related to the global coordinates

in such a way that n; = z;/d; (no summation over 7).

As implied by Assumption 2, we can obtain the same effective properties from
an imaginary, unbounded, and unloaded composite material with the same
microstrucutre as the real, loaded, and bounded one. Hence we could derive
the micromechanics model from an imaginary, unloaded, composite material
which completely occupies the three-dimensional (3D) space R and composes



Fig. 2. Coordinate systems for heterogenous materials (only two-dimensional (2D)
UC is drawn for clarity)

of infinite many repeating UCs. The total generalized potential energy of this
imaginary material is equal to the summation of the Helmholtz free energy
(Rosen and Hashin, 1970) stored in all the UCs, which is:
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Il = Z B /Q(Cijkl €ij €k + 208i5 €5 0 + ¢y T>dQ (2)

n=-—00 0

where C}j; are components of the fourth-order elasticity tensor, 3;; are second-
order tensor of thermal stress coefficients, ¢, is the specific heat per unit volume
at constant volume, Ty is the reference temperature at which the constituent
material is stress free, # denotes the difference between the actual temperature
and the reference temperature, and ¢;; are the components of the 3D strain
tensor defined for the linear theory as

L Qui(nyy) | Ou;(n;y)

In view of the fact that these infinite many UCs form a continuous heteroge-
nous material, we need to enforce the continuity of the displacement field u;
on the interface between adjacent UCs, which can be written as follows for a
UC with integer coordinates (n, ng, n3):

Ui(nana n3; d1/2,y2,y3) = ui(nl + 1,19, n3; _d1/27y27 y3>
u;(ny, ne, 3y y1, da/2,ys3) = ui(ny, na + 1, n3; 41, —da /2, ys3)
Ui(nl,nm n3;yi, Y2, d3/2) = ui(n17n2> n3 + 1,91, y2, —d3/2> (4>

For the purpose to obtain the effective CTEs and specific heat of composite



materials, we assume that 6 is constant with respect to time and space coor-
dinates, which is a common practice in the literature; see Rosen and Hashin
(1970) for example. Hence the continuity condition for temperature field be-
tween adjacent UCs is automatically satisfied. According to the principle of
minimum total potential energy, the exact solution will minimize the energy
in Eq. (2) under the constraints in Eq. (1) and Egs. (4). To avoid the difficulty
associated with discrete integer arguments, we can reformulate the problem,
including Egs. (2), (3), and (4), in terms of continuous functions using the
idea of quasicontinuum introduced in Kunin (1982) as:

6)2
2/ < ijkl 62] €kl + 26@] 61] 0 + Cy %> dR (5)
1| 0ui(x;y)  Oui(x;y
€i(xy) =35 l é(>yj )y ]8(% )] = Uilj) (6)

and

U¢($1,$2, T3, d1/2, y2,y3) = Ui(xl + dy, 2, 735 —d1/2,y2, ys)
Ui($1,$2, T35 Y1, d2/2,y3) = ui(xlam'Q + da, x3; Y1, _d2/27 3/3)
Ui($1,$2, T35 Y1, Y2, d3/2) = Uz‘(l‘l,%, x3 + ds; Y1, Yo, —d3/2) (7>

Using the technique of Lagrange multipliers, we can pose the thermoelastic
analysis as a stationary value problem of the following functional:

1 62
J = / ijl U(ilj) Uk|l) + ﬁzg (3l7) 0 + CU ?
0
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with
u? = Uily,—d,; /20 Ui” = Wila;—c;4d; y;=—a,/2 TOr j=1,2,3

where \; and +;; are Lagrange multipliers introducing constraints in Eqs. (1)
and (7), respectively, and S; are the surfaces with n, = 1. The main objective
of micromechanics is to find the real displacements u; in terms of v;, which is
a very difficult problem because we have to solve this stationary problem for
each point in the global system x; as in Eq. (8). It will be desirable if we can
formulate the variational statement posed over a single UC only. In view of
Eq. (1), it is natural to express the exact solution u; as a sum of the volume
average v; plus the difference, such that

ui(x;y) = vi(x) + wi(x;y) 9)



where (w;) = 0 according to Eq. (1). The very reason that the heterogenous
material can be homogenized leads us to believe that w; should be asymptot-
ically smaller than v;, i.e., w; ~ n v;. Substituting Eq. (9) into Eq. (8) and
making use of Egs (6), we can obtain the leading terms of the functional as:

1 1 2
J1 = /72 Eoijkl Wil Wk + Bij wepgy 0+ §Cv T

87),»
+ A (w;) +/ %’1(wi+1 — w;l ~ d1)dS;
Sl 81)' 1 (]_O)
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with A ‘

w;_] = wi|y]'=dj/27 wi_] = wi|yj:*dj/2 for J = 17273
Although it is possible to carry out the variation of J; and find the Euler-
Lagrange equations and associated boundary conditions for w;, which results
in inhomogeneous boundary conditions. It is more convenient to use change
of variables to reformulate the same problem so that the boundary conditions
are homogeneous. Considering the last three terms in Eq. (10), we use the

following change of variables to express w; as:

v

o, +x:(x;y) (11)

wi(X;y) = yj

with y; termed as fluctuation functions. We are free to choose the origin of the
local coordinate system to be the center of UC, which implies the following
constraints on x;:

{xi) =0 (12)
Finally, according to the variational asymptotic method (Berdichevsky, 1979),
the first approximation of the variational statement in Eq. (8) can be obtained
from the following functional defined over the UC:

1 _ _ 1 62
Jo = 3 <Cz‘jkl [Gij + X(z‘|j)} [sz + X(k:|l)}> + B <CUT0>

+ (B & + xan) €) + A ()
+/S (X = xi )dS, +/S Yo (X — x;?)dSs
1 2

‘|'/ %‘3(st - X;S)ds?,
S3

(13)

with ‘ ‘

Xi”? = Xily=a; /20 Xi”! = Xily=—a;p2 for j=1,2,3
where €; = v(; ;) will be shown later to be components of the global strain
tensor for the structure with effective properties. The functional Jq in Eq. (13)



incorporates all the information for the present thermoelastic micromechanics
model. This variational statement can be solved analytically for very simple
cases such as binary composites (Yu and Tang, 2007), however, for general
cases, we need to use computational techniques such as the finite element
method (FEM) to seek numerical solutions.

3 Finite Element Implementation

It is possible to formulate the FEM solution based on Eq. (13), however, it
is not the most convenient way because Lagrange multipliers will increase
the number of unknowns. To this end, we can reformulate the variational
statement in Eq. (13) as the minimum value of the following functional

g = 21Q /Q{Cijkl [Eij + X(z’|j)] [gkl + X(k|l)}

92 (14)
under the following nine constraints
Xi'=x;7 for i,j=1,2,3 (15)

It is noted that Eq. (15) represents the well-known periodic boundary condi-
tions which are assumed a prior: in other models including MHT. while in the
present model, they are derived from the variational statement in Eq. (13).
The constraints in Eq. (12) do not affect the minimum value of IIg but help
uniquely determine y;. In practice, we can constrain the fluctuation functions
at an arbitrary node to be zero and later use these constraints to recover the
unique fluctuation functions. It is fine to use penalty function method to intro-
duce the constraints in Egs. (15). However, this method introduces additional
approximation and the robustness of the solution depends on the choice of
large penalty numbers. Here, we choose to make the nodes on the positive
boundary surface (i.e., y; = d;/2) slave to the nodes on the opposite negative
boundary surface (i.e., y; = —d;/2). By assembling all the independent active
degrees of freedom, we can implicitly and exactly incorporate the constraints
in Egs. (15). In this way, we also reduce the total number of unknowns in the
linear system which will be formulated in the following.

Introduce the following matrix notations

€= |11 261y €y 2613 263 E33]T (16)



1 [ o |
oY1 oy 0 0
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where '), is an operator matrix and y is a column matrix containing the three
components of the fluctuation functions. If we discretize x using the finite
elements as

X (i3 yi) = S(yi) X (i) (18)
where S representing the shape functions (in the assembled sense excluding
the constrained node and slave nodes) and X a column matrix of the nodal
values of the fluctuation functions for all active nodes. Substituting Eqs. (16),
(17), and (18) into Eq. (14), we obtain a discretized version of the functional
as

1
g = —(X"EX +2X" Dy + ¢ D€
20
02 (19)
+ 2XT Dol + 26" Deg) + D%?)
0
where
E= / (0,9)7 D(T,5)dS2 Dpe = / (0,9)7 DAQ
Q Q
D.. = / DAQ Do = / (0,8)73d0
Q Q
Deg = / ﬁdQ Dgg = / CUdQ
Q Q

with D as the 6 x 6 material matrix condensed from the fourth-order elasticity
tensor Cjjr, and 3 as the 6 x 1 column condensed from ;;. Minimizing Il in
Eq. (19), we obtain the following linear system

EX = —Dyé — Dy (20)

It is clear from Eq. (20) that the fluctuation function X is linearly proportional
to € and €, which means the solution can be written symbolically as

X = Xy + Ay (21)

Substituting Eq. (21) into Eq. (19), we can calculate the Helmholtz free energy
density of the UC as
1 .- = 1_ 62
Iy = §€TDE+ e' 30 + 561,?0 (22)



with

1
D= ﬁ(XgDhe + Dee)

o1l

5= 5 |5 (ks + AT Du) + Dol
N N

¢ = & X5 DaoTo + Do

Clearly D is the effective elastic material matrix, 3 contains the effective ther-
mal stress coefficients, ¢, is the effective specific heat, and € contains the global
strains. It is easy to infer that the effective coefficients of thermal expansion,
@, can be obtained using the following expression.

a=-D'j (23)

After obtained the effective free energy density in Eq. (22), we can use it as the
constitutive model of the effective medium to carry out various macroscopic
analyses under different loading and temperature conditions.

If the local fields within the UC are of interest, we can recover those fields
after we have obtained the macroscopic behavior which can be described by
global displacements v; and global temperature distribution 6.

To recover the local displacement field, we need to construct two new arrays
X, and X, from X, and X,, respectively, by assigning the values for slave
nodes according to the corresponding active nodes and assign zeros to the
constrained node. Obviously, X, and X, still yield the minimum value of Il
in Eq. (14) under constrains in Egs. (15). However, Xy and Xj may not satisfy
the constraints in Eq. (12). The real solution, denoted as X, and Xjp, can be
found trivially by adding a constant, which is equal to the average of the
fluctuation functions, to each node so that Eq. (12) is satisfied. Then the real
solution of the fluctuation function is

X = Xoe+ Xyb (24)

After having determined the fluctuation functions uniquely, we can recover
the local displacement using Egs. (9), (11), and (24) as

Qv Qv Ovy
Oxr1 Oxe Oxs Y
= dua vz Qua SX
u v+ Oxr1 Oz Oxs Y2 +SX (25)

Ovg Ouvz Ovg
Bml 8x2 8$3 y3

with « as the column matrix of u; and v as the column matrix of v;. Here S is
different from S due to the recovery of slave nodes and the constrained node.



The local strain field can be recovered using Egs. (6), (9), (11), (17), and (24)
as

e=¢e+1,5% (26)
Finally, the local stress field can be recovered straightforwardly using the 3D
constitutive relations for the constituent material as

o = De+ (36 (27)

Both the theoretical formulation and finite element formulation can be reduced
to be those of Yu and Tang (2007) if one sets 3;; = 0 and ¢, = 0. It is worthy
to point out that the involved recovery procedure in Yu and Tang (2007) to
obtain the unique fluctuation functions in Eq. (24) is avoided by recognizing
the fact the differences between )EO and X, and X, and Xy are equal to the
average of the fluctuation functions calculated from X, and Xj.

We have implemented this formulation in the computer program VAMUCH.
In the next section, we will use a few examples to demonstrate the application
and accuracy of the theory and code.

4 Numerical Examples

Numerous examples including binary composites, fiber reinforced composites,
and particle reinforced composites in Yu and Tang (2007) have been used to
demonstrate that VAMUCH consistently achieves excellent accuracy for pre-
dicting effective elastic properties in comparison to other existing approaches.
In this paper, we will use some examples to demonstrate the predictive capa-
bility of VAMUCH to recover the local stress field within the UC, and predict
effective coefficients of thermal expansions and specific heats, and recover local
stress field due to temperature changes.

4.1  Predict local stresses

A high-fidelity micromechanics model, such as VAMUCH, should not only
provide an accurate prediction for effective properties but also recover the
local displacement, stress, and strain fields within the UC, which are needed
for detailed analysis.

To demonstrate the accuracy of VAMUCH in predicting the local fields, we
consider the classical problem of an isotropic circular fiber embedded in an
infinite isotropic matrix subjected to the uniform far-field stress 055 (the so-
called Eshelby problem). It is a plane strain elasticity problem and can be
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solved exactly. The analytical formulas can be found in Aboudi et al. (2001).
fiber volume
fraction (we choose 0.01 for this example) so that the interaction effects due to
the presence of adjacent cells are negligible. Except this restriction, the exact
solution provides a convenient basis to validate the accuracy of the local fields

To mimic this dilute case, we consider a UC with sufficiently small

calculated using VAMUCH.
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For calculation, we choose the fiber to be glass with Young’s modulus £ = 69.0
GPa and Poisson’s ratio v = 0.20, the matrix to be epoxy with Young’s mod-
ulus £ = 4.80 GPa and Poisson’s ratio v = 0.34. The choice of these materials
produces a high elastic moduli mismatch and thus a significant disturbance
in the stress field along the interface between fiber and matrix. To obtain the
stress distribution within the UC, we need to run VAMUCH first to calculate
the effective properties of the composite materials. It is found out that this
material is transversely isotropic with F; = 5.44 GPa, Fy = E3 = 4.93 GPa,
G2 = G135 = 1.82 GPa, v15 = 113=0.338, and v»3 = 0.357. Then we can use
these properties to solve the plane strain problem of the effective medium un-
der the application of a far-field stress 055 = 5.5032 MPa, which will generate
a macroscopic strain field €y = 0.1% and €3 = —0.0514% within the effec-
tive medium. Such values can be fed back to VAMUCH to recover the stress
distribution within the material. Figures 3 and 4 show the contour plots for
the distributions of 099 and 093 within the UC generated by VAMUCH. The
contour plots of the exact solution in Aboudi et al. (2001) are not presented
here for brevity because they are almost the same as those in Figures 3 and
4. Both stress components have sudden changes in the interface between fiber
and matrix, which clearly demonstrates that VAMUCH is capable of capturing
stress concentrations. Although contour plots can provide us some qualitative
information, to rigorously assess the accuracy of VAMUCH, we plot g9y distri-
butions predicted by VAMUCH and the exact solution along the lines y5 = 0
and y3 = 0 in Figure 5 and Figure 6, respectively. It is evident that VAMUCH
has an excellent agreement with the exact solution. Both the continuous con-
dition along y3 = 0 and discontinuous condition along y, = 0 are well captured
by VAMUCH. The slight differences along the edges are caused by the inter-
action effects due to presence of adjacent cells because our far-field stress 055
is not really uniform along the edges which can be observed form the contour
plot in Figure 3. It has been verified that if the fiber volume fraction is as low
as 0.0025, 095 will be uniform along the edges and the prediction of VAMUCH
is indistinguishable from the exact solutions. The discontinuity on the inter-
face along 5 = 0 in Figure 5 can be captured better if one refines the mesh
in the vicinity. The results calculated using ANSYS following the approach in
Sun and Vaidya (1996) are also plotted in the figures. All three sets of results
are almost on the top of each other and ANSYS results are almost identical
to VAMUCH results.

It is worthy to point out that local stress distribution is a critical assessment of
micromechanics models and most of existing models cannot accurately predict
the local stresses even though they may have excellent predictions for effective
properties (Williams, 2005a). The fact that VAMUCH achieves an excellent
agreement with the exact solution for local stresses clearly demonstrated the
high-fidelity predictive capabilities of VAMUCH for micromechanical analysis
of heterogeneous materials.

12
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4.2 Predict effective CTFEs

As reviewed by Rosen and Hashin (1970), Levin (1968) provides analytical
expressions relating effective CTEs and effective elastic moduli for two phase

13



Table 1
Effective CTEs of boron/aluminum composites

Models a11(107%/K) | ao2(1076/K)
Exact Solution (Rosen and Hashin, 1970) 10.99 16.69
VAMUCH 10.99 16.69
HFGMC (Aboudi et al., 2001) 11.00 16.70
GMC (Paley and Aboudi, 1992) 10.91 16.94
Tamma and Avila (Tamma and Avila, 1999) 10.77 17.34

isotropic or transversely isotropic composites having isotropic constituents.
Since there are no exact formulas existing for effective elastic moduli for gen-
eral UCs and VAMUCH achieves excellent accuracy for predicting such prop-
erties (Yu and Tang, 2007), we will consider the elastic properties predicted
by VAMUCH as exact and use them to calculate the effective CTEs following
the analytical expressions given in Rosen and Hashin (1970). It is noted that
these analytical expressions provide exact predictions for effective CTEs only
if the corresponding elastic moduli are exact. Nevertheless, they are labeled as
“exact solution” to indicate that the relations are given in exact closed-form
expressions.

The first example is a boron/aluminum composite. Both constituents are
isotropic with Young’s modulus £ = 379.3 GPa, Poisson’s ratio v = 0.1,
and CTE a = 8.1 1079/K for boron fibers, and E = 68.3 GPa, Poisson’s ratio
v = 0.3, and CTE o = 23.0 107%/K for aluminum matrix. The fiber is of
circular shape and arranged in a square array (see the sketch in the middle of
Figure 1). The example of fiber volume fraction 0.47 is studied in several places
(Aboudi et al., 2001; Tamma and Avila, 1999; Paley and Aboudi, 1992). The
effective CTEs predicted by different approaches are listed in Table 1. It can
be observed that VAMUCH has a perfect match with the exact solution up to
the fourth significant digit. HFGMC also has an excellent agreement with the
exact solution while GMC and Tamma and Avila’s results are not so accurate.
To show the trend of change of effective CTEs with respect to change of the
fiber volume fraction, we plot the effective CTEs for the same composite with
different fiber volume fractions in Figure 7 and Figure 8. As it is expected,
both axial CTEs and transverse CTEs are decreasing with increasing fiber vol-
ume fractions. Again the perfect match between exact solution and VAMUCH
for various fiber volume fraction is observed.

The second example is to predict the effective CTE for a glass/epoxy particle
reinforced composite. The UC of this composite is composed of glass spheres
embedded in a triply periodic cubic array. Both constituents are isotropic
with Young’s modulus £ = 72.38 GPa, Poisson’s ratio v = 0.2, and CTE
a = 5.0 1075/K for glass, and Young’s modulus £ = 2.75 GPa, Poisson’s

14



4 VAMUCH
——Exact solution

17.5
16.5

15.5 \
14.5
13.5 \

12.5 \
\\\
10.5 \

9.5

Effective axial CTEs (10 “6/K)

10 20 30 40 50 60
Fiber volume fraction (%)

Fig. 7. Change of effective aq; of the boron/aluminum composite with respect to
fiber volume fractions

23
4 VAMUCH

<
\ —— Exact solution
22

21
20 \

19 \
18
17 \
16 A

15

Effective transverse CTEs (10°/K)

14

10 20 30 40 50 60
Fiber volume fraction (%)

Fig. 8. Change of effective s of the boron/aluminum composite with respect to
fiber volume fractions

15



50
45 I\

w T

|

® VAMUCH
—Exact Solution

Effective CTEs (10-5/K)

25

10 15 20 25 30 35 40

Particle volume fraction (%)

Fig. 9. Change of effective CTEs of the glass/epoxy composite with respect to
spherical inclusion volume fractions

ratio v = 0.35, and CTE « = 54.0 107¢/K for epoxy. It is noticed that the
properties are directly taken from Aboudi (1984) and different from those in
Section 4.1. We plot the change of effective CTE with respect to the particle
volume fractions in Figure 9. It is found out that VAMUCH results are right on
the top of the exact solution, which demonstrates VAMUCH provides accurate
predictions for CTEs for particle reinforced composites.

To demonstrate the application and accuracy of the present model for more
realistic heterogeneous materials, we choose a more complex microstructure
as shown in Figure 10. Within one UC, the reinforcements are a square fiber
and a thin-wall frame around the square fiber. Both matrix and reinforce-
ments are isotropic with Young’s modulus £ = 100000 MPa, Poisson’s ratio
v = 0.32, and CTE « = 10.0 1072 /K for reinforcements, while the Young’s
modulus of matrix takes different values from 10 MPa, 100 MPa, 1000 MPa,
10000MPa, and 50000MPa and its Poisson’sratio and CTE are fixed at 0.49
and o = 4.0 1079/K, respectively. The contrast ratio of CTEs of two con-
stituents is as high as 4 x 10°. There are no analytical solution for composites
with this kind of microstructure. To validate the present model, we use AN-
SYS, a commercial finite element code, to carry out a thermoelastic microme-
chanics analysis following the approach of Sun and Vaidya (1996). Table 2
shows the effective CTEs of composites of different matrix predicted by VA-
MUCH and ANSYS. It can be seen that the predictions of VAMUCH are
almost the same as those obtained from ANSYS at different contrast ratios of
Young’s modulus of the constituents.
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Fig. 10. Sketch of a complex microstructure

Table 2
Effective CTEs of frame shape composites
Matrix arp (1079/K) agy (1076/K)
Young’s
Modulus VAMUCH | ANSYS | VAMUCH | ANSYS
E,, =10 MPa 3.92 3.90 2.22 2.23
FE,, =100 MPa 14.6 14.6 3.12 3.28
FE,, = 1000 MPa 97.1 97.0 3.12 3.28
FE,, = 10000 MPa 637 637 3.23 3.23
E,, = 50000 MPa 1886 1886 2.886 2.886

4.8  Predict effective specific heat

Rosen and Hashin (1970) derived closed-form expressions for macroscopically
isotropic composites having two isotropic phases and bounds for macroscopi-
cally anisotropic composites relating effective specific heat and elastic moduli.
Again, although those relations are in closed-form, they can predict the exact
effective specific heat only if the elastic moduli predictions are exact. Here we
use the elastic properties predicted by VAMUCH in these relations and label
them as “exact solution” only to reflect the fact that the effective specific
heats are obtained from closed-form expressions.

First, we use a steel/aluminum particle reinforced composite which can be
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Fig. 11. Effective specific heat ¢, of steel/aluminum composite varies with particle
volume fraction

considered as macroscopically isotropic. Both constituents are isotropic with
E = 200 GPa, v = 0.3, a = 12 107%/K, and ¢, = 3609.6 kJ/(m3-K)
for steel particles, and £ = 68.3 GPa, v = 0.3, a = 23.0 107/K, and
¢, = 2619.1 kJ/(m?K) for aluminum matrix. To examine the agreement of
VAMUCH with respect to the exact relations (Rosen and Hashin, 1970), we
plot the effective specific heat ¢, with different steel volume fraction as shown
in Figure 11. It can be seen that the VAMUCH results have an excellent match
with the exact relations (Rosen and Hashin, 1970).

To show that VAMUCH can also predict the effective specific heat for macro-
scopically anisotropic composites, we chose the silicon carbide fiber reinforced
copper matrix (SiC/Cu) composite as an example. Both constituents are
also isotropic with £ = 410 GPa, v = 0.14, a = 4.0 107%/K, and ¢, =
2327.73 kJ/(m?-K) for silicon carbide fibers, and £ = 117 GPa, v = 0.34,
a=22.0107%/K, and ¢, = 3485.09 kJ/(m?3-K) for copper matrix. Only bounds
are available for this type of composites. We plot the VAMUCH results along
with the upper and lower bounds provided in Rosen and Hashin (1970) in
Figure 12. It can be observed that for this composite the lower and upper
bounds are very close to each other and VAMUCH results are nicely located
between the bounds.
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4.4 Predict local thermal stresses

Finally, we can use VAMUCH to recover the stress distribution within the
UC due to macroscopic temperature change. Consider the boron/aluminum
composite with fiber volume fraction as 0.2. We use the effective thermoelastic
properties to carry out a macroscopic thermoelastic analysis of the homoge-
nized material. Suppose we know for a certain UC, it is stress free, yet the
temperature is increased by 100 K. Due to the mismatch of CTEs of the con-
stituents, thermal stresses will be generated within the UC. The distributions
of 099 and 93 are plotted in Figures 13 and 14, respectively. All the sudden
changes of stress distributions along the fiber-matrix interface have been well
captured by VAMUCH. We have also carried out a thermoelastic microme-
chanics analysis following the approach of Sun and Vaidya (1996) to analyze
3D RVEs using ANSYS. The local thermal stress distributions along y3 = 0
and y, = 0 are plotted in Figures 15 and 16, respectively. Excellent match
between these two approaches can be clearly observed from the plots. How-
ever, only 2D UCs are needed for VAMUCH to obtain these results. Such
a capability of VAMUCH is useful for predicting residual stresses caused by
temperature changes during manufacturing or operating processes.
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Fig. 13. Contour plot of o9o (MPa) within the UC of a boron/aluminum composite

due to temperature increase of 100 K
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Fig. 14. Contour plot of 93 (MPa) within the UC of a boron/aluminum composite

due to temperature increase of 100 K

5 Conclusions

A variational asymptotic model has been developed for thermoelastic mi-
cromechanical analysis of heterogeneous materials. This model can homog-
enize the composite materials to find effective thermoelastic properties in-
cluding elastic properties, coefficients of thermal expansion, and specific heat
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and recover the local fields within the microstructure in terms of the global
responses of the material. This model provides a uniform treatment for mi-
crostructures which can be described using 1D, 2D, or 3D UCs, such as binary
composites, fiber-reinforced composites, and particle-reinforced composites. In
comparison to existing micromechanics models, this model has the following

21



unique features:

(1) It adopts the variational asymptotic method as its mathematical foun-
dation. It has the same rigor as MHT without even assuming periodic
fluctuation functions and boundary conditions.

(2) It has an inherent variational nature and its numerical implementation
is shown to be straightforward.

(3) It handles 1D/2D/3D unit cells uniformly. The dimensionality of the
problem is determined by that of the periodicity of the unit cell.

The present theory is implemented in the computer code, VAMUCH, which
has the following advantages in comparison to FEM using conventional stress
analysis of RVE (Sun and Vaidya, 1996):

(1) VAMUCH can obtain different material properties in different directions
simultaneously, which is more efficient than those approaches requiring
multiple runs under different loading conditions.

(2) VAMUCH calculates effective properties and local fields directly with
the same accuracy as the fluctuation functions. No postprocessing calcu-
lations which introduces more approximations, such as averaging stresses
and averaging strains, are needed.

(3) VAMUCH can model composite materials with full anisotropy, while
FEM can only handle at most macroscopically orthotropic material, which
is an unnecessary restriction.

The application and accuracy of VAMUCH for predicting effective thermoe-
lastic properties and local fields have been demonstrated through various ex-
amples.
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